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Abstract: Many knots and links in S3 can be drawn as gluing of three manifolds with one
or more four-punctured S2 boundaries. We call these knot diagrams as double fat graphs
whose invariants involve only the knowledge of the fusion and the braiding matrices of
four -strand braids. Incorporating the properties of four-point conformal blocks in WZNW
models, we conjecture colored HOMFLY polynomials for these double fat graphs where
the color can be rectangular or non-rectangular representation. With the recent work
of Gu-Jockers, the fusion matrices for the non-rectangular [21] representation, the first
which involves multiplicity is known. We verify our conjecture by comparing with the
[21] colored HOMFLY of many knots, obtained as closure of three braids. The conjectured
form is computationally very effective leading to writing [21]-colored HOMFLY polynomials
for many pretzel type knots and non-pretzel type knots. In particular, we find class of
pretzel mutants which are distinguished and another class of mutants which cannot be
distinguished by [21] representation. The difference between the [21]-colored HOMFLY
of two mutants seems to have a general form, with A-dependence completely defined by
the old conjecture due to Morton and Cromwell. In particular, we check it for an entire
multi-parametric family of mutant knots evaluated using evolution method.
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1 Introduction
R-colored HOMFLY polynomial [1–8]for any knot K is defined as the Wilson loop average






































In fact, these polynomials are Laurent polynomials (that is, all the coefficients are integers)





and A = qN for knots in M = S3. Here N denotes the
rank of the SU(N) gauge group and k is the Chern-Simons coupling.
These polynomials can be lifted to a positive integer superpolynomial [11]–[35] by
introducing an additional parameter t. The deviation from t = −1 is known as β-
deformation [36]. There is no combinatoric approach of obtaining superpolynomials for
any knot. It is still a mystery to obtain superpolynomials for non-rectangular representa-
tions R (i.e. when the corresponding Young diagram R is not rectangular) [37–39]. Even
the evaluation of colored HOMFLY polynomials for such representations is a difficult task.
Two recent achievements open a way to perform explicit calculation of the colored
HOMFLY polynomials beyond rectangular representations.
• The first of them is the evaluation of the 3-strand knot polynomials for representation
R = [21] in [37, 40] and the data of Racah matrices S and S¯ given in ref. [41].
• The second is the conjectured expression [42–47] for knots in S3 obtained from glu-
ing three-manifolds with one or more four-punctured S2 boundaries. We call such
diagrams as double fat tree diagrams (see definitions below) . The unreduced colored




















We indicate each of the three-manifolds µ’s with k four-punctured S2 boundaries
as a kµ-valent vertex. Further, we place representation Xµ ∈ R ⊗ R¯ or R ⊗ R,
depending on the configuration and orientations of the knot diagram (see example).
We will have additional indices a
(µ)
i = 1, . . . ,mXµ in the summation besides Xµ’s,
whenever X has a non-trivial multiplicity mX . The weight factor is the product
of quantum dimensions dX of X. Additional factors are just signs, σ = ±1, which
appear only for non-trivial multiplicities. We will see in section 7 that these σ’s are






will depend on braiding and fusion matrices as explained in eq. (1.6).
Definitions
Tree diagram: we denote the knots drawn as double fat diagrams as ordinary trees with


































Figure 1. Knot drawn as double fat diagram.
An example. Suppose a knot can be presented in the form as in figure 1 (which we call
double fat diagram).
The above double fat knot diagram is presentable as a single trivalent vertex connected
by edges to three monovalent vertices. In this example, it is three four-strand braids
(propagators, or edges) connected by double lines into the vertex X, we call it the double
fat diagram. In the field theory context, this particular diagram has a peculiar shape of a


















Aa1a2X1 (1)Aa2a3X1 (2)Aa3a1X1 (3)
(1.4)
The subscript 1 in AaiajX1 indicates the singlet representation (3.1). In this paper, we
will call graphs involving a k-valent vertex connected to k monovalent vertices as starfish







































































X, a X¯, b
Y, c Y¯ , d
2 = ss
(1.5)
Boxes in this picture denote vertical 2-strand braids of given lengths, which can be parallel
or antiparallel, depending on the directions of arrows (which in their turn depend on parity
of the lengths). The number of boxes in each propagator can be arbitrary. For a given
braid word in the above picture, we will have to insert the appropriate S, S† fusion matrices
and suitable powers of the braiding matrices T−, T+, T0 as highlighted. These four-strand
braids are called propagators which connects two different vertices. We put represention
X and Y on the two vertices as explained below.
Vertex in tree diagram: each vertex µ in (1.3) is the cyclic junctions of kµ 4-strand
braids:
. . .



















With each such vertex µ one associates a representation Xµ. The crucial feature of this
construction is the selection rule for propagators: the two representations X, X¯ at one
end of the four-strand braid (1.5) differ by conjugation, while the additional indices a and
b(multiplicity indices) can be different.
Now we are in a position to write the explicit form for matrix element AY cd,Xab, for
every propagator connecting two vertices with index Xab and Y cd. The form for the matrix,
in terms of the fusion or Racah matrix S and the braiding matrices T0, T−, T+, will be







† T nα0 S
)
(1.6)
Interchanging mα and lα at each level α inside every fingeris a mutation transform (pro-
vided one considers only the tree diagrams), and in fact one can perform a mutation to
change mα, lα → mα + kα, lα − kα with any kα. For symmetric representations R, the
HOMFLY polynomial depends only on the sums mα+ lα as there is no distinction between
T− and T+. However, for non-rectangular R, the invariant depends on mα and lα separately
leading to a possibility of distinguishing mutants.
In the case of the fundamental representation R = [1] of SUq(2), i.e. for N = 2,
expressions (1.6) involve








in vertical framing. We need to add frame corrections to T -matrix resulting in different
form for parallel and antiparallel braiding. For higher N , there are two different Racah
matrices, S for parallel and S¯ for antiparallel braids respectively and the respective frame



























[N − 1][N + 1]
√
[N − 1][N + 1] −1




where A = qN . Two types of matrices S remain sufficient for symmetric, rectangular and
non-rectangular representations. However, for non-rectangular R we will have additional
indices a and b added to X to incorporate the multiplicity of some representations.
For any representation R, the first row in the Racah matrices S and S¯ are always



























This property is crucial for self-consistency of (1.2) when an edge is a tadpole. In fact,
the role of the end-vertex in a tree diagram (with the sum over the corresponding X) is to
imitate gluing of the caps like
X, a X¯, b
=

S¯ ab1X X ∈ R⊗ R¯
if
S ab1X X ∈ R⊗R
(1.11)




Relations (1.10) ensure that each tadpole (end-edge of a branch in the tree, which we call
finger) is nothing but the matrix element Aab1X . Hence, we omit the cycles at the end-edges
of the tree branches. Additional universally applicable simplifications emerge from the
elementary S, T -matrix identities, like the celebrated (ST )3 = 1 in the case of R = [1] for
SUq(2), and their generalization to arbitrary representations of SUq(N) (6.4).
The set of fat-tree diagrams is quite ample. According to [43, 44], which contains fat
diagram presentations of knots upto 10 crossings in Rolfsen table [48] (with the possible
exception of 10161), we believe that most of the knots must have an equivalent fat diagram
presentation. In fact, many complicated higher crossing knot invariants looks calculable
when presented as double fat graphs. Particularly, the knots in ref. [43, 44] belongs to
family of starfish diagram with three-fingers. We will see that there are plenty of mutants
within the starfish family, which belong to the familiar class called pretzel knots [49].
Interestingly, we can calculate R = [21] colored HOMFLY polynomials for such mutant
pairs and explicitly check whether the mutants are distinguishable or not.
It is appropriate to mention that the eq. (1.2) describing the colored HOMFLY poly-
nomials for the fat tree diagrams is by no means a trivial formula. Particularly, consistency
of knot equivalences led to formal theorems for k-valent vertex states [50–57]. However, its
origins are not immediately clear neither from the conformal blocks [10, 50–57] nor from
the Reshetikhin-Turaev [58–69] approaches to knot/link polynomials. There is lot of evi-
dence for the eq. (1.2) from the conformal block method [42–47] and its advanced versions
like the evolution [70], cabling [40] and differential expansion [39] methods for symmetric
representations. In this paper, we will do similar verification for R = [21]. Moreover,

















it can serve as a basis of a new intuition and calculus in knot theory, involving a kind of
pant decomposition of link diagrams.
The paper is organized as follows. In the first part we describe the elementary building
blocks for double far graphs and explain how to construct knots out of them. In the second
part we first describe some peculiarities of the representation theory especially related to the
first non-trivial mixed representation R = [21], and then consider the colored HOMFLY
polynomials in representation R = [21] for various knots. In particular, we check that
these HOMFLY polynomials do differ between the notorious Conway-Kinoshita-Terasaka
(KTC) mutant pair, in accordance with the expectations [74]. Moreover, the manifest
difference between their HOMFLY polynomials is in complete agreement with [75]. We
also discuss other mutant pairs. In particular, we find a difference between the HOMFLY
polynomials for a whole 2-parametric family of mutants. However, representation R = [21]
is not sufficient to distinguish between another set of mutants. We list explicit [21 colored
HOMFLY polynomials for various knots in the appendix. We have a table that describes
the features of all knots upto 10 crossings.
Note that all answers for the HOMFLY polynomials in representation R = [21] in this
paper for the knots that have a three braid representation we compared with the results
obtained by the cabling method of [37, 40]. Besides, we made a few self-consistency checks,
see section 7.4.
Throughout the paper we use the notation [n] both for the quantum number and for












Expression (1.6) for each propagator (1.5) in (1.2) is usually interpreted as the ordinary
time evolution in Chern-Simons theory, which is provided by monodromies of conformal
block made from braiding matrices T±, T0 which are of three types (depending on the pair
of adjacent strands that it acts on) and Racah matrices S, see [10] for the original idea
and [43–47, 50–57] for recent applications. In the case of arbitrary representation R, the
form of the S matrix and the eq. (1.6) needs to be formulated accurately. This section
describes our notation, which will be used in the rest of the text.
S is a matrix, with two peculiar multi-indices Xab and Y cd, which are collections of

















more potentially convenient notation are
S1234Y cd,Xab = S
[
R1, R2︸ ︷︷ ︸
X,a











R1 R2 R3 R4
X, a X¯, b
Y, c Y¯ , d
(2.1)
The punctured line helps to illustrate the meaning of indices, it indicates that, after apply-
ing the Racah matrix S, the representation R1 becomes close to R4. Note that the initial
state Xab stands to the right/bottom of the final Y cd, but representations are ordered op-
positely: from the left to the right and from the top to the bottom. When we write explicit
matrices in section 6, the left/upper indices (like Y cd) label rows, while the right/bottom
(Xab) — columns.
The composition of two evolutions gives the identity:
∑
Y,c,d
S2341Zef,Y cd · S1234Y cd,Xab = δXZ¯δafδbe
R1 R2 R3 R4
R3 R4R1 R2
X, a X¯, b
Y, c Y¯ , d
Z, e Z¯, f









S2341Zef,Y cd = S
1234
Y cd,Z¯fe (2.3)
To study knots, we require two of the four representations R1, R2, R3, R4 to be R and
the other two to be conjugate representation R¯. This implies that there are two independent
matrices, which we denote S and S¯:
SRR¯RR¯Y cd,Xab = S¯Y cd,Xab, Xab, Y cd ∈ R⊗ R¯,
SR¯RR¯RY cd,Xab = S
RR¯RR¯

















SRRR¯R¯Y cd,Xab = SY cd,Xab, Xab ∈ R⊗R, Y cd ∈ R⊗ R¯,
SR¯R¯RRY cd,Xab = S
RR¯R¯R
Xab,Y¯ dc = SY¯ dc,X¯ba,
SRR¯R¯RY cd,Xab = S
RRR¯R¯
Xab,Y¯ dc = SXab,Y¯ dc,
SR¯RRR¯Y cd,Xab = S
R¯R¯RR
Xab,Y¯ dc = SX¯ba,Y cd (2.4)











Operators T describe crossing of two adjacent strands and are much simpler than S.
The only delicate point is that there are three different pairs of adjacent strands in the 4-
strand braid and therefore there are three different T -matrices, which we denote T+, T 0 and
T−. Also, the two intersecting strands can be either parallel or antiparallel, what we denote
















X, a X¯, b
Y, c
T 0Y c = tY c




One can promote these operators to matrices of the same type as S:
T−Xab,X′a′b′ = tXa · δXX′δaa′δbb′
T 0Xab,X′a′b′ = tXa · δXX′δaa′δbb′
T+Xab,X′a′b′ = tXb · δXX′δaa′δbb′ (2.6)
The eigenvalues are the standard ones in the theory of cut-and-join Wˆ -operators [72, 73]











All X ’s take values ±1.


















3 Pretzel fingers and propagators
Our next goal is to classify different types of expressions (1.6) for the propagator (1.5)
— according to the possible number and parities of parameters nα, mα and lα and to
directions of strands (arrows). A special role is played by the terminal branches in the
tree (1.3), which we call fingers. They are represented by matrix elements Aab1X = A1,Xab,
and all the T -matrices (X = 1) standing to the very left of all S can be omitted. According
to (2.5), the last (most left) S in such matrix element can be either S¯ or S but not S†.
In this section we begin from the simplest possible types of propagators and fingers,
belonging to the pretzel type. For pretzels all mα = lα = 0 and there is just one parameter
n in each of the k of the fingers. Still, there are propagators and thus fingers of three
different kinds, depending on directions of arrows and the parity of n. In the case of
pretzels, the notation with bars is sufficient to distinguish between all these cases, still we
add explicit indices par, ea, oa (depending on parallel oriented braids, antiparallel oriented










X, a X¯, b
6 6












Z ∈ R⊗ R¯
Y ∈ R⊗R












Y,c,d SZef,Y cd t
n
Y c SX¯ba,Y cd
Apar(n) = STnS†























X, a X¯, b
6 ?













Z ∈ R⊗ R¯
Y ∈ R⊗ R¯












Y,c,d S¯Zef,Y cd t¯
n
Y c S¯X¯ab,Y¯ dc
Aea(n¯) = S¯T¯nS¯























X, a X¯, b
?
6













Z ∈ R⊗ R¯











= S¯Zef,Y cd t¯
n
Y c SY cd,Xab
Aoa(n) = S¯T¯nS

































The choice of S-matrices in above examples is easy to understand from (2.5). Recall, S
converts parallel states (from R ⊗ R) into antiparallel (from R ⊗ R¯), while S† does the
reverse conversion, and S¯ relates antiparallel to antiparallel states.
In the final expressions (boxed) we suppressed most indices, thus implying that we
deal with matrices in extended space, where basis is labeled by the multi-index Xab. We
explain the details of this formalism in section 6, while in section 5 we use the symbolical
notation: just X for the multi-index and
∑
X for appropriate contractions, including non-
trivial sign-factors σ (which is symbolized by the bar over the sum).
These are the propogators which are relevant for the knots belonging to pretzel family
and the knots in the present paper.
4 Other building blocks
4.1 Non-pretzel fingers
Generalization to arbitrary non-pretzel fingers and propagators (1.5) with arbitrary pa-
rameters mα, lα, nα is exhaustively described by (1.6), one just needs to put appropriate S
and T matrices for the given choice of arrows, like we did for the pretzel fingers in section 3.
Since this is straightforward we do not provide this additional list.
What is more important, some diagrams, which do not a priori look like (1.5), actually
belong to this family, and this is the reason for the double fat graph description to present
so many different knots and links. In this section, we mention just two examples of this
kind, exploited in our further considerations.
4.2 Horizontal loop











It is nearly obvious that this is just the non-pretzel finger with parameters n1 = m2 =
l2 = ±1 (signs and the types of S and T matrices depend on the types of intersection and

















One could easily insert a horizontal braid of arbitrary length and consider a sequence



















The isolated horizontal braid
is nothing but the pretzel finger. The type of the finger depends on orientation of lines and
the parity of m.
More interesting is the horizontal braid located in between the two lines in the double
fat propagator as shown:
X, a X¯, b
Y, c Y¯ , d
m
X, a X¯, b










This is a contraction of three blocks, where the middle one is exactly the horizontal




































In fact there are seven versions of this relation, for different arrow directions and






X, a X¯, b







X, a X¯, b







X, a X¯, b






X, a X¯, b
Y, c Y¯ , d
2m




S¯Y Z S¯XZA1Z(2m) (4.5)
with A1Z(2m) being Aea in the first and the fourth pictures and Apar in the two remaining
pictures.




X, a X¯, b







X, a X¯, b







X, a X¯, b






X, a X¯, b
Y, c Y¯ , d
2m+ 1
The first graph here does not emerge as a subgraph of the tree double fat diagrams,




S¯Y Z S¯XZA1Z(2m+ 1) (4.6)
with A1Z(2m+1) being Apar in the second and the third pictures and Aoa in the fourth one.
One can perform the simple self-consistency checks by attaching (1.11) and (1.12) to
the top and bottom of these configurations.
5 Some examples of double fat diagrams and knot polynomials
Contractions of the pretzel fingers produce a wide variety of the pretzel link and knots.
We also look at knots obtained by inclusion of non-pretzel fingers with non-vanishing mα
and/or lα, non-trivial propagators with horizontal braids and the appropriate contractions
of the fingers.
It is not our goal in the present paper to provide a systematic description of the variety
of double fat diagrams. Instead we demonstrate how knot polynomials are built, when the
diagram is given in this form. We present the polynomials for many knots which belongs

















5.1 Pretzel knots and links
The simplest subfamily inside the tree double fat set is that of the pretzel links/knots, for
which eq. (1.2) was analyzed in great detail in [45–47]. If considered as made from the
two-strand braids, the pretzel link/knot looks like a (g = k − 1)-loop diagram naturally
lying on the surface of genus g:
However, if composed from the four-strand braids, pretzel links/knots become trees of
type (1.3), with just a single vertex, i.e. are of a peculiar starfish/fingerfish type (it is not





























It is clear that parallel and even antiparallel fingers can be combined in arbitrary starfish
combinations connected by the states X ∈ R⊗ R¯ while if one finger is odd antiparallel, all
connections are via X ∈ R⊗R, thus all the other fingers should also be odd antiparallel.
Pretzel family contains quite a lot of interesting knots and links. Mutations permute
different parameters ni, but colored HOMFLY in all (anti)symmetric and rectangular repre-
sentations, when there are no indices ai are invariant under all permutations of ni. In non-
rectangular representations dependence of propagators and fingers on the indices ai forces
the invariant to be unchanged only for the cyclic permutation which we detail in section 7.
However, these details do not affect the 3-finger pretzel knots, of which the simplest
subfamily is that of the twist knots Twk, made from three antiparallel fingers, two of them
being of unit length: Twk = Pr1¯,1¯,2k−1 (clearly, there are no non-trivial mutations in this
case). The simplest among the twist knots is the trefoil, which is also a torus 2-strand knot.
5.1.1 Trefoil


































X = dR · TrS†T−3S (5.2)

















5.1.2 Twist knots: thin, triple-boundary (pretzel) (1|1|2k − 1)
The twist knots are the closures of braids where the number of strands grows linearly with
the number of intersections, and thus braid representation is inconvenient for looking for
generic formulas.







and the evolution in k can be straightforwardly studied in this formula in various repre-
sentations [70, 78].
Remarkably, the same family possesses a three-finger (pretzel) realization, with all

























†T¯ 2k−1S¯)X0 =dR ·(ST−2S†T¯ 2k−1S¯)00 = dR ·(T¯ S¯T¯ 2S¯T¯ 2kS¯)00T¯00=1= dR ·(S¯T¯ 2S¯T¯ 2kS¯)00
This is exactly the same as (5.3). The boxed equality in the second line is the double
application of (6.4) in the form
T−1S† = S†T¯ S¯T¯ =⇒ ST−2S† =
I︷︸︸︷
SS† T¯ S¯T¯ 2S¯T¯ = T¯ S¯T¯ 2S¯T¯ (5.5)
5.1.3 Odd antiparallel pretzel knots


















If the number of fingers is even, we get links rather than knots.
5.1.4 Pure parallel pretzel knots
If the pretzel knot is made from the parallel fingers only, their number should be even and
exactly one length should be even, otherwise we get a link rather than a knot. The answer














5.1.5 Mixed parallel-antiparallel pretzel knots
The remaining family of the pretzel links/knots contains even number of parallel fingers











































Ten intersection chiral knot 1071 has a neat presentation as a three-finger with each finger
being non-pretzel type [42]. Using the states for such non-pretzel fingers, the HOMFLY






























Note that beyond SUq(2) this is not a matrix identity but both l.h.s. or r.h.s. of the above
equation inserted in eq. (5.10) give the same polynomial invariant.
5.3 Double fat graph presentation of knots from three-strand braids
The next example of non-pretzel knots is a large 4-parametric family: consider a closure






























S†T sST rS†T qST p
)
(5.13)
In the following subsections, we redraw these four-parametric 3-strand braid knots as double
fat graphs. Particularly, these two equivalent diagrams enables evaluation of knot invariants

















5.3.1 s = 1: the starfish case










The tree is still (5.1) with just three fingers, but now we allow a non-vanishing parameter
m in one of them. In this case in the two fingers with T p and T q we have the antiparallel
strands at the entrance converted to the parallel ones and then back, this provides the
factors (S T p S†)1X . In the third finger the antiparallel strands are first converted into
antiparallel, then into parallel and then back into the antiparallel ones, this provides the
factor
(
S T r S† T¯−1 S¯
)
1X


















A(q,−1)ab1X · Apar1X (p)bc · Apar1X (r)ca (5.15)
The last two factors in the sum are already familiar Apar(p) and Apar(q) from (3.1), while



















Ze SY cd,Zef t¯
−1
Y c S¯Y cd,Xab (5.16)
(like all the sums inside particular fingers, this is an ordinary matrix multiplication without
any sign σ-factors).
The third finger is





















Apar1X (n1)Apar1X (n3)S¯XYApar0Y (n2)Apar0Y (n4) (5.18)
Configuration (5.14) is not always a knot: it can also be a link with two or even three
components:
p q r # of link
components
even even odd 1
odd even even 1
odd odd odd 1
even even even 2
even odd odd 2
odd even odd 2
odd odd even 2
even odd even 3
(5.19)
Among knots, the notable members of the three-finger family are the thick knots 10124 and
10139, which also have pretzel realizations: 10124 = (5, 1, 3, 1) and 10139 = (4, 2, 3, 1).
5.3.2 Generic four-box 3-strand braids beyond starfish family
For s 6= 1 the braid (5.12) cannot be converted by the Reidemeister moves to a starfish









































where the propagator (edge), connecting two trivalent vertices, is actually performing an



























Apar(p)ab1XApar(r)bc1X · S¯ca,fdXY Apar(q)de1YApar(s)ef1Y
(5.22)
This provides a new type of expression already for s = 1. The simplest examples of knots
with s 6= 1 gave 10 intersections: 1079 = (3,−2, 2,−3) and 10152 = (3, 2, 2, 3).
5.4 Diagrams with non-tadpole propagators
This class of knots (5.21) and (5.22) clearly indicates that not all the pretzel fingers are con-
tracted directly. We require an additional propagator connecting two trivalent vertices lead-
ing to our basic formula (1.2) with two independent summations. We will call left trivalent
vertex as ppS to highlight two fingers with parallel braids and connected by propagator S.
5.4.1 The form for ppS block
A new building block appearing in (5.22) is





Apar1X (n1)Apar1X (n2)S¯XY (5.23)
This expression remains the same if S¯ is transposed, S¯XY −→ S¯Y X .
The number of parallel fingers in this building block can exceed two (but needs to be
even), however, for our purposes below, the two will be enough.
















AppSY (p, r)Apar1Y (q)Apar1Y (s) (5.24)
We could have similar tree diagrams with other type of propagators which we discuss now.
5.4.2 Double braids
In fact, propagator in (5.22) can be further generalized. One of the important generalization
is provided by the horizontal braid (4.3):
X, a X¯, b











Z, e Z¯, f



















The right two lines in the above diagram do not change the representation, (that is δfh),
the left part of this diagram is just the pretzel finger Aeg1Z . The type of S-matrices and the
pretzel finger depends on the directions of arrows and on the parity of the braid length m.
The simplest application of (5.25) is to the double braids of [70], which has also the pretzel
representation (−1, 2k,m). We present more knots using horizontal braids as propagators.
5.4.3 Pretzel fingers connected via horizontal braid


















Y, d Y¯, f
m
(5.26)
The central block is just the horizontal braid described by the corresponding version
























AppSZ (p, q)AppSZ (r, s)Aea1Z(m) (5.27)
The four external fingers involve parallel braids, while that of the even length m in the
propagator is antiparallel. The fat tree is the same (5.21), only the internal propagator is
more sophisticated. Mutation is a permutation of p and q or of r and s.
Familiar special limits
• At m = 0 we get a composite knot, thus the reduced HOMFLY polynomial should
factorize. In (5.27) this follows from (1.12), which implies that Aea1Z(0) = δ1,Z .




R = Apar11 (r)
∑
Z



























dZ · Aea1Z(m)︸ ︷︷ ︸
=1
= Apar11 (p)Apar11 (r)
(5.29)
The polynomial form for these double fat graph knots presented in this part I can
be worked out for knots carrying fundamental or symmetric representation. This is
plausible due to the explicit form of the Racah matrices [79], [45, 2nd paper] known
for all symmetric representations. In all these cases all the σ-factors are unities, and
there is no need to deal specifically with overlined sums. The same formula continue
to work for representation [21], but then some σ-factors are −1. Expressions for
R = [21] are rather involved using Racah matrices explicitly calculated in [41]. Our
main focus in Part II will be to compute R = [21] colored HOMFLY polynomials.
Part II
Examples
Before we proceed with the explicit knot polynomial computations for R = [21], we require




The Racah matrices relate the two expansions



























When the vector spaces W are one-dimensional (”no multiplicities” case), one can represent
this linear operator as a matrix with indices P ∈ R1 ⊗R2 and S ∈ R2 ⊗R3. When W are

















Figure 2. Knot equivalence.
matrix depends on conventions, and on four additional indices labeling the bases in the
four W -spaces for each given pair P and S.
For the purposes of knot (rather than link) theory, all the four representations
R1, R2, R3, Q are either R or its conjugate R¯. In result, there are two essentially different
Racah matrices:
• SS,c,d|P,a,b with P ∈ R⊗R, but S ∈ R⊗ R¯, and
• S¯S,c,d|P,a,b with both P, S ∈ R⊗ R¯.
These are the only two kinds of the Racah matrices that show up in our discussion of the
double fat tree diagrams. Note that S is essentially asymmetric, while S¯ can be symmetric.
In fact, S¯ is symmetric for R’s taken to be symmetric representation which belongs to the
multiplicity-free case.
Another important fact is that the singlet representation 1 ∈ R ⊗ R, but 1 /∈ R ⊗ R
(except for the case of N = 2). Therefore, the matrix elements 1X in (1.2) cannot have
S† at the very left, but only S or S¯. In general, as we already saw earlier, (2.5) S converts
the parallel strands into antiparallel, while S¯ antiparallel to antiparallel.
Our fingers never contain three parallel strands, thus these two types of relations
are sufficient for our consideration. However, beyond this paper the third Racah matrix
connecting the parallel strands to parallel (it was called “mixing matrix” in [64, 65]) plays a
big role. Actually, it is much simpler: it does not depend on N (i.e. on A). For symmetric
representations, it coincides with restrictions of both S and S¯ to N = 2, but for more
complicated representations the story is a little more involved.
The Racah matrices S are always unitary and satisfy (1.10). There are also additional
non-trivial relations like [41, 56]
S¯†T¯ S = T¯−1ST−1 conjugation⇐⇒ S†T¯ S¯ = T−1S†T¯−1 (6.4)
This identity can be illustrated by figure 2. The knot equivalence gives the following
relation:
dR1dR2 · (STS†T¯ S¯)11 = dR1dR2 (6.5)
and one can insert T¯ to the very left, since it trivially acts on the singlet state. This
































An important application of this identity is the possibility of shifting any pretzel finger of
length 1 to any position [49] at any representation R, though permutations of arbitrary
fingers are not a symmetry of the knot.
6.2 Racah matrices for few symmetric representations
For symmetric representations R, there are no multiplicities, no indices a, b, c, d and the
Racah matrices are canonically defined.
• When R is the fundamental representation R = [1], they are given by (1.8) and (1.9),



































D−1 are the quantum dimensions of the representations
from the decomposition [r] ⊗ [r] = 1 + [1¯1] + [2¯2] + . . ., where [1¯1] denotes [21N−2],
[2¯2] denotes [42N−2] etc.
• When R is the first symmetric representation R = [2], [2] ⊗ [2] = [4] + [31] + [22],
















































dm ≡ d[r+m,r−m] = χ[r+m,r−m] =
[2m+ 1]























































• Similarly, for representation R = [3] and so on.
6.3 Representation [21]
In the case of R = [21] there are seven different items X in the decomposition
[21]⊗ [21]︸︷︷︸
[2N−21]
= [432N−41]⊕[42N−2]⊕[42N−311]⊕[332N−3]⊕[332N−411]⊕2 · [32N−21]⊕ [2N ]︸︷︷︸
singlet
(6.11)
The corresponding dimensions and eigenvalues are
X dX tX



















[32N−21] [N − 1][N + 1] ±A
(6.12)
Only one (underlined) item [32N−21] = [21N−2] = Adj enters (6.11) with non-trivial



























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































For S we additionally need the expansion1






























Here we again encounter one item with multiplicity two, and the parallel → antiparallel
Racah matrix S is
1For comparison, for rectangular representations all multiplicities are unit:
[2]⊗ [2] = [4] + [31] + [22],
[22]⊗ [22] = [44] + [431] + [422] + [3311] + [3221] + [2222],







































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































This matrix is obtained from that of [41] by transposition to make it consistent
with (1.10) and thus with our representation of knots. Also minor (always allowed) conju-
gations are performed in (6.13) and (6.16) to get rid of unnecessary minuses and imaginary
units.

































In these S- and T -matrices the index X runs from 1 to 7, and for X = 7 there are additional
indices ai which take two values, which we substitute as 711 −→ 7, 722 −→ 8, 712 −→ 9,
721 −→ 10, and d10 = d9 = d8 = d7. Then contractions in (1.2) for the simplest double-fat
graph (5.1) can be rewritten as follows:


























































It is the underlined term that breaks the permutation symmetry between different A(i) in
the original product down to just cyclic symmetry, and it is the one that distinguishes
mutants. When all A(i)9 or A(i)10 are vanishing, the symmetry is preserved and the mutants

















7 σ-factors and other technicalities
We emphasize that the eq. (1.2) is a kind of a conjecture/educated guess, and was well tested
only for symmetric representations where no multiplicities (indices a, b, c, . . .) arise. Hence
there is no reason to insist that contractions (6.19) are exactly correct. In fact, they are not:
for complicated enough knots, (1.2) with rule (6.19) does not produce polynomials in rep-
resentation [21] and, in result, fails to reproduce the known answers. Both these problems
are cured by switching to σ, which is allowed to take the values ±1 only but not +1 always.
The procedure at the moment is to adjust these sign factors for a given knot so that
the answer for HOMFLY is a Laurent polynomial in A and q. The choice of sign is unique
in some examples. We also observe that there could more than one possible choice of sign
giving same polynomial when one of the fingers is pretzel of length one or some matrix
elements (A(i)9 or A(i)10 ) simply vanish.
No general rule is found yet for a priori determination of σ. We have observed the
sign pattern for some simple families of double fat diagrams we studied. We present, in the
following section, the signs of σ which we encountered in obtaining polynomial invariants.
7.1 Relevant choices
7.1.1 3 fingers




























First of all, it is always the case that σ111 = σ222 = 1. Now, it turns out that the two
relevant sets of signs of the remaining σ’s, appearing in the right formulas are either all
equal to -1:
variant a : σ112 = σ211 = σ121 = σ122 = σ212 = σ221 = −1 (7.2)
or only two σabc equal to -1. Depending on the order of fingers, it can be either σ112 and
σ221 or two other pairs obtained by cyclic permutations from these. We will always choose
the order in such a way that the first pattern is realized:
variant b : σ112 = σ221 = −1 (7.3)
However, the choice between the two possibilities depends on the type of knot. The fol-
lowing ideal option with all signs positive
variant c : σ112 = σ211 = σ121 = σ122 = σ212 = σ221 = +1 (7.4)
sometimes happens to provide right answers, but only when some of the pretzel lengths
are unit and identities (6.6) relate (7.4) to (7.2)–(7.3).
It deserves mentioning that (7.3) explicitly breaks the cyclic symmetry between A, B

















configuration. That is., if we have two parallel and one antiparallel pretzel fingers. Having
3 parallel pretzel fingers is an impossible configuration to obtain knots. However, we can
have three antiparallel pretzel fingers but the off-diagonal matrix elements in the second
term of eq. (7.1) are vanishing.
7.1.2 More fingers
For 4-finger parallel pretzel knots the relevant choice is
σ2211 = σ1122 = σ2112 = σ1221 = −1, all other σabcd = +1 (7.5)
For the 5-finger pretzel knot with one antiparallel finger (for the sake of definiteness, we
take the first finger to be antiparallel pretzel ), the proper choice is
σ21111 = σ22211 = σ22112 = σ21122 = σ21121 = σ21211 = σ12222 = σ11122 = σ11221 =
= σ12211 = σ12212 = σ12122 = −1, all other σabcd = +1 (7.6)
Thus, we learn,
1. always σ11...1 = σ22...2 = 1
2. there is a symmetry of simultaneous replacement of 1↔ 2 in all indices.
3. Specifically for the parallel pretzel knots (which exist only for even number of fingers),
there is also an additional symmetry: all sign factors obtained by a cyclic permutation
are the same.
7.2 Sign dependence on knots
This list of relevant sign choices is not necessarily complete, but it is necessary and sufficient
for all the examples that we studied so far. With these sign prescriptions, H[21] for knots are
polynomials (otherwise denominators can occur) and coincide with the previously known
answers from [37, 40, 41, 78].
Among knots belonging to starfish configurations, the 3-finger configurations we
checked are described by (7.3) (with the third finger chosen antiparallel but the first two
fingers taken parallel) except knot 1071 where (7.2) choice is used. Similarly the 4 parallel
finger knots and 5-finger (one antiparallel + 4 parallel) configurations knots satisfy the
rules described in section 7.1.2.
As for the double sum configurations, due to propagators connecting two k-valent
vertices (see appendix), 10152 is described by (7.3) in the both sums, 10153 is described
by (7.3) in the sum over pretzel fingers and (7.2) in the second sum. The knot 10154 is
described by (7.2) in the both sums.
Finally, the double fat configurations involving three summation variables (5.27) is


















7.3 Explicit calculations in the pretzel case
After the matrices S, T and the sign factors σ are explicitly known, it is straightforward
to insert them into formulas of section 5 and obtain the colored HOMFLY polynomials in
representation [21] for an enormous set of knots. In fact, the answers themselves are huge,
thus it makes no sense to list them all, especially given the (large) number of examples.
Therefore, we enumerate the classes of diagrams, and in the appendix we tabulate explicit
examples. Here, for illustrative purposes, we present some general discussion of the pretzel
case. A vast set of concrete examples can be found again in the appendix.
7.3.1 Parallel







Unitarity of the 10× 10 matrix S implies that
AparY X(0) = δY X , (7.8)










, where Λ is
the matrix of permutation of indices 9 and 10, this property would be broken: A˜par(0)Y X =
ΛY X , though the finger itself, at Y = 1, would not be affected. This insertion of Λ is just















Apar1,9 (±1) = Apar1,10(±1) = 0 (7.9)
but only for unit braid length, n = ±1.
The simple checks and comments are now in order.
For the 2-strand torus knots and links
H
[2,n]
[21] = d[21] · Apar11 (−n) (7.10)








Apar1X (n1)Apar1X (n2)Apar1X (n3)Apar1X (n4) (7.11)
In the latter (4-finger) case the off-diagonal terms in (6.19) is non-vanishing, moreover,
it is not a polynomial and cancels the non-polynomial part of the diagonal terms. For
example, in the case of 63 the off-diagonal contribution is











It is proportional to the fourth power of {q} = q − q−1 and therefore vanishes in the limit
q = 1 (for special polynomials [13, 80]). The same happens for knot 75. However, for knot
73, we observe that the off-diagonal contribution vanishes.
The simplest pair of parallel pretzel mutants is Pr(3, 3, 3, 2) and Pr(3, 3, 2, 3). We

























Again, the unitarity AY X(0¯) = δY X makes this choice natural as compared with those with
additional insertions of Λ.
For n = 0, this matrix element is just δX,1.
For n = ±2, the matrix elements of Aea1X with X = 9, 10 are very simple, similarly to
the parallel case:













The simplest check to be made is for the Hopf link, which can be represented both
through parallel and antiparallel braid:
H
[2,2]






A6q20 − 2A6q18 −A4q20 + 3A6q16 + A4q18 − (7.15)
−4A6q14 − 2A4q16 + 5A6q12 + 3A4q14 + A2q16 − 5A6q10 − 4A4q12 + 5A6q8 + 3A4q10 + A2q12 −
−4A6q6 − 4A4q8 −A2q10 + 3A6q4 + 3A4q6 + A2q8 − q10 − 2A6q2 − 2A4q4 + A6 +A4q2 + A2q4 −A4
)
This is the reduced HOMFLY invariant, and since it describes a link, it is not a polynomial.
Any combinations of even antiparallel fingers only provide links, not knots. The sim-









Apar1X (n1)Apar1X (n2)Aea1X(m¯) (7.16)
This family includes knots 62 (3, 1, 2¯), 81 (1, 1, 6¯), 82 (5, 1, 2¯), 84 (3, 1, 4¯), 85 (3, 3, 2¯),
819 (3, 3,−2¯), 820 (3,−3, 2¯), . . . which are all 3-strand and one can check that (7.16)
reproduces the known answers from [40].









Apar1X (n1)Apar1X (n2)Apar1X (n3)Apar1X (n4)Aea1X(m¯) (7.17)
contains 76 (1, 1,−3, 1, 2¯), 83 (1, 1, 1, 1, 4¯), 86 (1, 1, 1, 3, 2¯), . . . At least for these three
knots (7.17), we get polynomials and they satisfy the consistency checks putforth in sec-
tion 7.4.
7.3.3 Odd antiparallel





























instead. However, this does not actually affect the answers, at least
in the cases discussed here.





· T ∓1XX X = 1, . . . , 8
0 X = 9, 10
(7.19)
where X belongs to the parallel sector, X ∈ R⊗R. Once again, this immediately provides































XX = 1 (7.21)
For other values of n these matrix elements are multiplied by polynomials:




In particular, this means that the odd antiparallel fingers vanish at X = 9, 10 for all values
n, which means that odd antiparallel pretzel mutants are not distinguished by the colored
HOMFLY polynomials in representation [21].




−A4q16 +A4q14 +A6q10 −A2q14 + 2A4q10 + 2A2q12 −A4q8 − (7.23)
−A2q10 − q12 + 2A2q8 + 2q10 −A4q4 − 3A2q6 − q8 +A2q4 + q6 −A2q2 − 2q4 +A2 + q2
)










The off-diagonal terms in (6.19) vanish for odd antiparallel fingers implying that there




X . The answers for twist knots agree with those
in refs. [40, 41, 78]. Other members of the same three-finger family are: 74 (3¯, 3¯, 1¯),
95 (−1¯,−3¯,−5¯), 935 (3¯, 3¯, 3¯), 946 (3¯,−3¯, 3¯), 103 (1¯, 5¯,−5¯), . . .
7.4 Checks
All answers for the HOMFLY polynomials in representation [21] in this paper for the knots
that have a three braid representation were compared with the results obtained by the
cabling method of [37, 40]. Besides, there are five types of self-consistency checks one can
putforth to test our answers. The first four are true for all our examples, the fifth one is


















As conjectured in [13, 80] and proved in [81], the “special” polynomials, i.e. reduced HOM-
FLY polynomials at q = 1, obey the factorization rule
HKR (q = 1, A) =
(
HK (q = 1, A)
)|R|
(7.25)
i.e. are unambiguously restored from those in the fundamental representation R = [1] = .
The size |R| of the Young diagram R is just the number of boxes, |[21]| = 3.
For superpolynomials this factorization gets far more interesting, see [14, 38, 82, 83]
and [37].
7.4.2 Alexander polynomials for 1-hook representations
As conjectured in [80] a “dual” factorization property holds at A = 1, i.e. for the Alexander
polynomials, but only for representations R described by single-hook diagrams:
HKR (A = 1, q) = H
K
 (A = 1, q
|R|) (7.26)
Representation [21] belongs to this class.
Neither any meaning, nor generalizations of this remarkable factorization property is
currently available.
7.4.3 Jones polynomials
For SUq(2), i.e. for A = q
2 all two-line Young diagrams [r1r2] get equivalent to the single-
line [r1 − r2], in particular, [21] gets indistinguishable from [1]. This means that
HK[21](A = q
2) = HK (A = q
2) = JonesK (7.27)
7.4.4 The weak form of differential expansion
Expressions for colored knot polynomials are extremely complicated, but in fact they have
a lot of hidden structure and satisfy a lot of non-trivial relations. Understanding of these
structures nicknamed “differential expansions” [39, 70, 80] because their first traces were
observed in [11] devoted to the study of Khovanov-Rozansky “differentials” is still very
poor. In its weakest possible form, the differential expansion conjecture implies for repre-
sentation [21] that [37, 78]









with some (complicated) function GK[21], where F
K
1 (A
2, q2) = FK1 (A2, q−2) is the coefficient
in




and HR are the reduced HOMFLY polynomials. In other words certain linear combination
of H[21] and H[1] should vanish at A = q

















7.4.5 Quasiclassical expansion and Vassiliev invariants
Differential expansions from the previous paragraph are examples of cleverly-structured
quasiclassical expansions in parameters like ~, where q = e~ and A = qN~ or z = {q} =
q − 1/q. The most structured expansion of this type, known so far is the Hurwitz-style
formula [84–86] for reduced colored HOMFLY:
HKR (q = e
~, A) =
(






Here ϕR(∆) are characters of the universal symmetric group (defined as in [72, 73]), l(∆)
is the number of lines in the Young diagram ∆ and the coefficients of generalized special
polynomials ΣK∆,k(A) are made from the Vassiliev invariants.
This formula includes (7.25) as a particular case and is also closely related to (7.28). It
imposes non-trivial restrictions on the coefficients of colored polynomials. As already men-
tioned, we made only a few simple checks of our answers with this formula, and it is very
interesting to extend them in order to understand what are the really independent “degrees
of freedom” in H[21], as compared to those already captured by the colored HOMFLY poly-
nomials in symmetric representations. This study can be also helpful for superpolynomial
extensions of the [21]-colored knot polynomials, which still remains a complete mystery.
8 Mutants
Of special interest among the newly available answers are those for the pairs of mutants, i.e.
knots related by the mutation transformation, which are inseparable by knot polynomials
in symmetric representations.
8.1 Generalities
Mutation in knot theory is the transformation of link diagram, when one cuts a sub-diagram
with exactly four external legs, rotate and glue it back to the original position. Within the
Reshetikhin-Turaev approach, it is clear that cutting corresponds to decomposition of knot
polynomial in the channel R1⊗R2 and mutation is a rotation in the spaces of intertwining
operators WQR1R2 : R1⊗R2 → Q. If these spaces are one-dimensional, like in the case of rect-
angular representations R1 = R2 or R¯1 = R2, the mutation does not affect the correspond-
ing HOMFLY polynomial. Thus, mutants can be distinguished by colored HOMFLY poly-
nomials in non-rectangular representations, the first of which is R = [21]. The difference
Hmutant1[21] −Hmutant2[21] = {q}11 ·D23D2D0D−2D2−3 ·Aγ ·Mmutant[21] (q2) = (8.1)
= {q}4 · {Aq3}2{Aq2}{A}{A/q2}{A/q3}2 ·Aγ ·Mmutant[21] (q2)
has the universal prefactor. The differentials D±2 and D0 appear in it because the
Alexander and the Jones polynomials at A = 1 and A = q2 are not affected by the
mutation and, thus, the difference should vanish for SUq(N) with N = 0 and N = 2.
The Young diagram is symmetric under row-column interchange (also called rank-level
duality [13, 15, 80]). Hence the polynomial in variables A and q must remain same when

















SUq(3) follows from a more involved argument of ref. [74]. There are no factors D1D−1,
because we consider the reduced HOMFLY polynomial, which is equal to the original
unreduced one divided by d21 =
D1D0D−1
[3] . The additional A-independent factor {q}4
seems to be typical for all non-diagonal terms considered in this paper, and this provides
an explanation for power 11 in (8.1). In all examples, which we managed to analyze,
Mmutant(q2) is, indeed, a function of q only, with no A-dependence.
8.2 Examples of mutants
The mutant pairs appear for the first time for knots with eleven intersections, where there
are 16 pairs (n&a in the knots denote alternating or non-alternating):
11a19 11a25
11a24 11a26
11a44 11a47 Pr(−3, 3, 2, 1, 1,−3) & Pr(3,−3, 2, 1, 1,−3)
11a57 11a231 Pr(2, 1, 3, 3,−3) & Pr(2, 1, 3,−3, 3)
11a251 11a253
11a252 11a254
11n34 11n42 (3,−2|2| − 3, 2) & (3,−2|2|2,−3) KTC mutants
11n35 11n43
11n36 11n44 (3, 2|2| − 3, 2) & (3, 2|2|2,−3)
11n39 11n45 (3,−2|2|3,−2) & (3,−2|2| − 2, 3)
11n40 11n46
11n41 11n47 (3,−2|2|3, 2) & (3,−2|2|2, 3)
11n71 11n75 Pr(2,−3, 3,−3, 1) & Pr(2, 3,−3,−3, 1)
11n73 11n74 Pr(−2, 3, 3,−3) & Pr(−2, 3,−3, 3)
11n76 11n78 Pr(2, 3, 3,−3) & Pr(2, 3,−3, 3)
11n151 11n152 (3,−2| − 2|3,−2) & (3,−2| − 2| − 2, 3) (8.2)
Of these, the KTC pair is most famous, probably because their Alexander polynomials
are just unity. The simplest mutants are the pretzel ones: there are five such pairs in the
above list, see also eq. (8.4) below. For enumeration of mutants with up to 16 intersections
see [87–89].
8.3 HOMFLY for the Pretzel mutants
First of all, we repeat that H[21] do not distinguish pretzel mutants made from an-
tiparallel pretzel fingers of odd lengths, see section 7.3.3 above. The simplest example
of this kind are 12-intersection pair of mutant links Pr(3¯, 3¯,−3¯,−3¯) & Pr(3¯,−3¯, 3¯,−3¯) and
15-intersection pair of mutant knots Pr(3¯, 3¯, 3¯,−3¯,−3¯) & Pr(3¯, 3¯,−3¯, 3¯,−3¯). In both cases























For the pretzel parallel fingers the situation is better. The simplest parallel finger
pretzel mutants are made from four fingers of lengths 3, 3, 3, 2 and therefore contain 11
intersections. Of eight potential mutant pairs in this set there are actually only two
pairs with distinct polynomials. In fact, pretzel knot Pr(3, 3, 3,±2) = Pr(3, 3,±2, 3)
because of the cyclic symmetry, Pr(3, 3,−3,±2|A, q) = Pr(3,−3,−3,∓2|A−1, q), and,
finally, Pr(3,−3,−3,±2|A, q) = Pr(3, 3,−3,∓2|A−1, q−1) if one reads the sequence of
lengths in the opposite direction and applies the cyclic symmetry. This leaves two pairs
of 11-intersection mutants, which are pretzels with four parallel fingers: 11n73 & 11n74




















One can easily analyze any other mutant pair of this kind, for example:
H
Pr(9,3,2,5)











In fact, the pretzel mutant pairs provide us with a much better set of examples than
concrete knots like the KTC pair: one can easily construct whole families of mutants. An
example of such a family we consider in the next section.
Note that among the pretzel mutant pairs there are more knots with 11
intersections, though their pretzel presentation has more intersections (12 and
even 13). These are 11n71 & 11n75 (Pr(2,−3, 3,−3, 1) & Pr(2, 3,−3,−3, 1)),
11a44 & 11a47 (Pr(−3, 3, 2, 1, 1,−3) & Pr(3,−3, 2, 1, 1,−3)) and 11a57 & 11a231



























The Kinoshita-Terasaka (11n42) and Conway (11n34) knots (KTC mutants) are respec-
tively M(3,−2|2| − 3, 2) and M(3 − 2|2|2,−3). Both knots have representations with 11-
intersection, but for our purposes the realization with 12 intersections is more convenient,
see figure 3.
These diagrams are already easy to bring to the form (5.26) with (p, q, r, s) =
(3,−2,−3, 2) and (3,−2, 2,−3) for 11n42 and 11n34 respectively. Their HOMFLY are:2























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 3. (a) Kinoshita-Terasaka (b) Conway.
The KTC knots can be viewed as two 3-fingers connected by propagator involving
horizontal braid with m = 2 crossings. Changing m = 2 −→ m = −2 simply switches
between these two mutant polynomials.
At q = 1 both these polynomials are cubes of the special polynomial,










At A = q2 both reproduce the same Jones
H[21](A = q
2) = H[1](A = q
2) = q12−2q10+2q8−2q6+q4+2q−2−2q−4+2q−6−q−8 (8.10)
and at A = 1 the Alexander polynomial, which in this particular case is just unity,
H[21](A = 1, q) = H[1](A = 1, q
3) = 1 (8.11)
The first terms of the differential expansion (see section 7.4) in the classical limit, A = qN ,
q = e~, are





In accordance with [74], the difference between the two polynomials shows up in the order
~11, which is related to the power 11 of {q} in (8.1).





[21] = −ρ2A3 ·D23D2D0D−2D2−3 · z11 (8.13)
= −ρ2A3 · {q}4{Aq3}2{Aq2}{A}{A/q2}{A/q3}2
with ρ = [3][14][2][7] and z = q−q−1 = {q}. It perfectly matches the result of [75]. The difference
could actually be calculated for three-cabled knots (because symmetric and antisymmetric
representations [3] and [111] do not contribute to it), what allows one to make calculations
with the help of the ordinary skein relations. However, the answers for individual H[21]

















8.5 Other mutant pairs
In the list (8.2) of 11-intersection mutant pairs there are four more pairs, for which the fat
tree description is already provided. In fact, from this point of view they belong exactly
to the same class as the KTC mutants, just some intersection signs are different. The
differences are
















Somewhat surprisingly, some differences are the same for different pairs: for 11n36/11n44
and 11n41/11n47, as well as for 11n39/11n45 and 11n151/11n152. The same phe-
nomenon one could observe for the pretzel mutants: the differences are the same for pairs:
11n71/11n75 and 11n76/11n78; 11a47/11a44, 11a57/11a231 and 11n73/11n74 (in the lat-
ter case the three differences coincide), see section 8.3. The entire HOMFLY are, of course
quite different, see the appendix.
It remains to be seen, if the remaining pairs in (8.2) possess a double fat tree description.
9 Evolution method in application to mutant families
Of course, most interesting are not just particular knots, but entire families, depending on
various parameters. The way to study this kind of problems is provided by the evolution
method of [13, 70]. For its application to knot polynomials in representation [21] see [78],
but there only the simplest family of twist knots was considered (the torus knots were
described in this way in arbitrary representation [12–14, 76, 77], but this is a much simpler
exercise, because of the clear algebraic nature of the torus family). We briefly remind this
story and then extend consideration to the first mutant-containing family.
9.1 Twist knots [40, 41, 78]






















































[2]A2q3 − (q4 + 1− q2 + q−4)
)



















This example is already quite interesting for the study of differential expansion [39] beyond
(anti)symmetric representations. However, this family does not contain mutant pairs and,
hence we need to look for knots beyond this family.
9.2 4-finger pretzel knots
The simplest multi-parametric family containing mutant pairs is the four-parallel-finger


















































− q3n3 + q−3n3 + q3n4 − q−3n4
)
and
F (n1 = 2
∣∣n2) = {q}2 [3]
[2]4[4]3[5]2[6]2
(
[6][5n2 − 3]− [2][5][3n2 − 5]− [2]
2[4][6]
[3]
+ {q}2[2][5][3n2 − 1]
)
(9.4)
For generic even values of n1 expression is more complicated:
F (n1|n2) = [3]
[2]4[4]4[5]2[6]2
(













4 + 3 + q−4) − [4]2
[2]2
[4][6]
[5] − [2][4][3] (q4 + 3 + q−4) 2 · [2]
2[4]2[6]
[3]2[5]




































The r.h.s. . of (9.2) is actually a Laurent polynomial in q. This formula is obtained by the
evolution method of [70] with respect to the variables n2, n3, n4, and it has the structure
predicted by the general expression (8.1) for mutants. Also it vanishes whenever any of
n2, n3, n4 is unity. This is because the pretzel knots with unit length always commutes with
any other length due to identities like (6.6). Eqs. (8.4)–(8.5) in section 8.3 are particular
cases of (9.2).
10 Conclusion
In this paper we continued the study of the double fat tree realization of link diagrams, for
which HOMFLY polynomials are described by an absolutely new and impressively effective
formula (1.2). This formula requires redrawing knots as double fat tree diagram.
In the present paper, we showed that eq. (1.2), actually simplifies evaluation of knot
polynomials of many knots presentable as two-bridge knots. It goes without saying that
this overcomes most calculational complexities in knot/link theory. As an immediate illus-
tration, we calculate a number of [21]-colored polynomials, and actually can now do this
for many knots.
Particularly, this methodology helped us to explicitly illustrate/validate old expecta-
tions about the mutant pairs. Specifically, we explained the conditions when mutants are
distinguishable or indistinguishable by [21]-colored polynomials. For instance, the KTC
mutant pair can be resolved by these polynomials, but the pretzel mutants made from
antiparallel fingers of odd lengths cannot be distinguished.
Of greatest importance for knot theory are now three questions:
• How large is the double fat tree family: what are the knots/links beyond it (if any?),
and what is the way to find a double fat tree realization of a given knot/link?
• What is the origin of (1.2) and its effective field theory interpretation? What could
be the meaning of quantization and loop diagrams in this effective theory.
• What is the β-deformation of (1.2), i.e. can this powerful formula be lifted to the
super- and Khovanov-Rozansky polynomials?
Added to these could be two obvious technical next steps:
• to extend the double fat trees made from 4-strand braids propagators to arbitrary
braids. The need for this for knot theory depends on the answer to the very first
question. However, the problem itself can have its own value, especially because of its
relation to multi-point conformal blocks. This approach will give complete solution
provided we know the Racah matrices for arbitrary representations in the multi-point
conformal blocks.
• to develop a systematic calculus for colored knots in arbitrary representations, beyond
symmetric and [21]. This requires calculating the simplest Racah matrices describ-
ing the 2-bridge knots. We hope some of the non-rectangular representations may

















Calculations in the case of representation [21] are quite involved and can be performed
in slightly different ways. In particular, such technically independent exercise for the KTC
mutants is reported in a parallel paper [90].
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A Examples of [21]-colored HOMFLY
Here we list examples of knots from the Rolfsen table of [48], for which the [21]-colored
HOMFLY are now available.
A.1 A list of knots with up to 10 intersections
We start from the table which contains some relevant information about the knots up to
10 intersections.
The left part of the table lists the previously known cases:
• For the torus knots, the arbitrary colored HOMFLY polynomial is given by the
Rosso-Jones formula [76].
• For three-strand knots, the [21]-colored HOMFLY polynomials can be calculated by
the cabling method of [40] on ordinary computers. When the number of strands




1 . . . we write the
sequence a1, a2, a3, . . .
• For two-bridge knots the knowledge of Racah matrices S and S¯ from [41] is sufficient:
eq. (1.2) in this case reduces to an obvious matrix element A11. The corresponding
answers are available from [41]. When the number of bridges is two, we explicitly
give an S − T word.
The right part of the table lists the cases which are available only now, by the method
of the present paper, these knots are boldfaced in the first column. Numerous intersections

















An exhaustive list of the pretzel knots up to 10 intersections is borrowed from the
third paper of ref. [45]. They are distinguished from generic double fat tree knots only by
simplicity of computer calculations, what is actually quite important.
The starfish cases are also usually simple enough: they still involve just one sum
over representations (all pretzel knots are automatically starfish). The cases with two and
three propagators involve two and three such sums and are considerably more difficult for
computers. A search for maximally simple representations are therefore important from
this point of view, and hopefully the table can be significantly improved.
The right part of the table is currently incomplete, but it seems all the knots with 10
or less intersections to fit into it (with the possible exception of 10161, which is anyhow
present in the left part of the table).


















Implications of the new topological theory (1.2)
knot torus # of strands # of bridges pretzel starfish double-sum
31 [2, 3] (1, 1)
2 dR · (ST 3S†)11 (3, 0)
41 (1,−1)2 dR · (S¯T¯−2S¯T¯ 2S¯)11 (1, 2¯, 1)
51 [2, 5] 2 dR · (ST 5S†)11 (5, 0)
52 (3, 1,−1, 1) dR (S¯T¯ 4S¯T¯ 2S¯)11= dR (S¯T¯ 3ST−2S†)11 (3¯, 1¯, 1¯)
61 4 dR · (S¯T¯−4S¯T¯ 2S¯)11 (5¯,−1¯,−1¯)
62 (3,−1, 1,−1) dR · (S¯T¯ 2S¯T¯−1ST 3S†)11 (3, 2¯, 1)
63 (2,−1, 1,−2) dR · (ST−2S†T¯ S¯T¯−1ST 2S†)11 (2,−3, 1, 1)
71 [2, 7] 2 dR · (ST 7S†)11 (7, 0)
72 4 dR (S¯T¯
6S¯T¯ 2S¯)11= dR (S¯T¯
5ST−2S†)11 (5¯, 1¯, 1¯)
73 (5, 1,−1, 1) dR · (ST 4S†T¯−3S¯)11 (4, 1, 1, 1)
74 4 dR · (S¯T¯−3STS†T¯−2STS†)11 (3¯, 3¯, 1¯)
75 (4, 1,−1, 2) dR · (ST 3S†T¯−2ST 2S†)11 (3, 2, 1, 1)
76 4 dR · (S¯T¯ 2S¯T¯−2S¯T¯ ST−2S†)11 (−3, 1, 2¯, 1, 1)
77 4 dR · (S¯T¯−2S¯T¯ ST−1S†T¯ S¯T¯−2S¯)11 (−3¯, 1¯,−3¯, 1¯, 1¯)
81 5 dR · (S¯T¯−6S¯T¯ 2S¯)11 (1, 6¯, 1)
82 5, 1,−1, 1 dR · (STS†T¯−1S¯T¯ ST−5S†)11 (5, 2¯, 1)
83 5 dR · (S¯T¯ 4S¯T¯−4S¯)11 (1, 1, 4¯, 1, 1)
84 4 dR · (S¯T¯ 4S¯T¯−1ST 3S†)11 (3, 4¯, 1)
85 3,−1, 3,−1 3 (3, 2¯, 3)
86 4 dR · (STS†T¯−1S¯T¯ 3ST−3S†)11 (1, 3, 2¯, 1, 1)
87 4,−1, 1,−2 dR · (ST 2S†T¯−1S¯T¯ ST−4S†)11 (4,−3, 1, 1)
88 4 dR · (ST−2S†T¯ S¯T¯−3ST 2S†)11 (2,−3, 14)
89 3,−1, 1,−3 dR · (ST−3S†T¯ S¯T¯−1ST 3S†)11 (4,−3,−1,−1)
810 3,−1, 2,−2 3 (2,−3, 1, 3)
811 4 dR · (STS†T¯−1S¯T¯ ST−2S†T¯ 3S¯)11 (−3¯, 1¯, 1¯, 3¯, 1¯)
812 5 dR · (S¯T¯ 2S¯T¯−2S¯T¯ 2S¯T¯−2S¯)11
813 4 dR (S¯T¯
3ST−1S†T¯ S¯T¯−1ST 2S†)11 (−4¯,−3, 1, 1, 1)
814 4 dR · (ST 3S†T¯ S¯T¯−1STS†T¯−1S¯T¯ 2S¯)11
815 4 3 (2, 3, 3,−13) (A.1)
816 2,−1, 2,−1, 1,−1 3
817 2,−1, 1,−1, 1,−2 3
818 (1,−1)4 3
819 [3, 4] 3, 1, 3, 1 3 (3,−2¯, 3)
820 3,−1,−3,−1 3 (3, 2¯,−3)

















91 [2, 9] (9, 0) dR · (ST 9S†)11
92 5 dR(S¯T¯
8S¯T¯ 2S¯)11= dR(S¯T¯
7ST−2S†)11 (1¯, 7¯, 1¯)
93 7, 1,−1, 1 dR · (S¯T¯−3ST 6S†)11 (6, 1, 1, 1)
94 4 dR · (ST−1S†T¯ 4ST−4S†)11 (4, 15)
95 5 dR · (S¯T¯ 5ST−1S†T¯ 2ST−1S†)11 (−1¯,−3¯,−5¯)
96 6, 1,−1, 2 dR · (ST 2S†T¯−2ST 5S†)11 (2, 1, 5, 1)
97 4 dR · (ST 2S†T¯−4ST 3S†)11 (2, 3, 14)
98 5 dR · (S¯T¯−2S¯T¯ 4S¯T¯−1ST 2S†)11 (−2,−3, 16)
99 5, 1,−1, 3 dR · (S¯T¯−1ST 2S†T¯−2ST 4S†)11 (−4, 1,−5, 1)
910 4 dR · (S¯T¯ 3ST−3S†T¯−2ST−1S†)11 (3¯, 3¯, 1¯3)
911 4 dR · (S¯T¯−2S¯T¯ 2S¯T¯−1ST 4S†)11 (−5,−2, 14)
912 5 dR · (S¯T¯ 4S¯T¯−2S¯T¯ ST−2S†)11 (−3, 13, 4¯)
913 4 dR · (ST 3S†T¯−2STS†T¯−3S¯)11 (1, 3, 1, 1,−4¯)
914 5 dR · (S¯T¯ 4S¯T¯−1STS†T¯−1S¯T¯ 2S¯)11 (−5¯,−3¯, 1¯3)
915 5 dR · (S¯T¯ 2S¯T¯−2S¯T¯ 3ST−2S†)11
916 4, 2,−1, 3 3 (2¯, 1, 3, 3)
917 4 dR · (S¯T¯ 2S¯T¯−1ST 3S†T¯−1S¯T¯ 2S¯)11 (3¯, 3¯,−1¯5)
918 4 dR · (S¯T¯−3ST 2S†T¯−2ST 2S†)11
919 5 dR · (S¯T¯ 2S¯T¯−1STS†T¯−3S¯T¯ 2S¯)11
920 4 dR · (ST 2S†T¯−1S¯T¯ 2S¯T¯−1ST 3S†)11 (4, 3,−14)
921 5 dR · (S¯T¯ 3ST−1S†T¯ S¯T¯−2S¯T¯ 2S¯)11
922 4 3
923 4 dR · (ST 2S†T¯−2STS†T¯−2ST 2S†)11
924 4 3 (−2,−3, 3, 13)
925 5 3
926 4 dR · (ST 3S†T¯−1S¯T¯ ST−1S†T¯ S¯T¯−2S¯)11
927 4 dR · (ST 2S†T¯−1S¯T¯ ST−2S†T¯ S¯T¯−2S¯)11
928 4 3 (2,−3,−3, 13)
929 4 3
930 4 3
931 4 dR (ST




935 5 3 (3¯, 3¯, 3¯)
936 4 3


















946 4 3 (3¯,−3¯, 3¯)
947 4 3



















−8S¯T¯ 2S¯)11 (1¯, 7¯,−3¯)




3S†T¯−1S¯T¯ 6S¯)11 (−7¯, 1¯, 1¯, 1¯, 1¯)




5ST−2S†T¯ S¯T¯−2S¯)11 (−3¯, 1¯, 5¯, 1¯, 1¯)
108 dR (S¯T¯
4S¯T¯−1ST 5S†)11 (−6, 15)




4S¯T¯−3ST 3S†)11 (3, 1, 1, 1, 4¯)
1012 dR (ST






−4S†T¯ S¯T¯−3ST 2S†)11 (−2,−1, 5,−13)
1016 dR (S¯T¯
4S¯T¯−1ST 2S†T¯−3S¯)11 (−3¯,−1¯, 5¯,−1¯,−1¯)




4S†T¯−1S¯T¯ ST−1S†T¯ 3S¯)11 (4¯, 5,−1,−1,−1)
1020 dR (ST
3S†T¯−5S¯T¯ 2S¯)11 (−2, 1, 3, 15)
1021 dR (S¯T¯
−3ST 4S†T¯−1S¯T¯ 2S¯)11 (−3¯, 1¯, 1¯, 3¯, 1¯, 1¯, 1¯)
1022 dR (ST















































1046 5,−1, 3,−1 3 (−2, 3, 5, 1)
1047 5,−1, 2,−2 3 (2,−3, 5, 1)
1048 4,−2, 1,−3 3 (2,−5, 1, 3)




























1061 3 (3, 3, 4¯)
1062 4,−1, 3,−2 3 (4,−3, 1, 3)
1063 3 (4¯,−3,−3, 1, 1)
1064 3,−1, 3,−3 3 (−4, 3, 3, 1)


















1074 3 (−3¯, 1¯, 3¯, 3¯, 1¯)
1075 3
1076 3 (1, 3, 3, 1, 2¯)
1077 3 (2,−3, 1, 3, 1, 1)
1078 3 (2¯,−3,−3, 14)
1079 3,−2, 2,−3 3
1080 3
1081 3
1082 4,−1, 1,−1, 1,−2 3
1083 3
1084 3






1091 3,−1, 1,−2, 1,−2 3
1092 3
1093 3





1099 2,−1, 2,−2, 1,−2 3




10104 3,−2, 1,−1, 1,−2 3
10105 3
10106 3,−1, 1,−1, 2,−2 3
10107 3
10108 3








































10125 5,−1,−3,−1 3 (2,−5,−1, 3)∨(2¯, 5,−3)
10126 5, 1,−3, 1 3 (−2, 3,−5, 1)∨(2¯,−5, 3)







































10139 4, 1, 3, 2 3 (4,−1, 3, 3)
10140 3 (−3, 3, 4¯)
10141 4,−1,−3,−2 3 (4,−3,−3, 1)
10142 3 (3, 3,−4¯)
10143 4, 1,−3, 2 3 (−4, 3, 1,−3)













10148 4, 1,−2, 1,−1, 1 3
10149 4, 1,−1, 1,−1, 2 3
10150 3
10151 3
10152 3, 2, 2, 3 3 (A.31)
10153 3 (A.33)
10154 3 (A.35)
10155 3, 1,−2, 1,−2, 1 3
10156 3
10157 3, 2,−1, 1,−1, 2 3
10158 3
10159 3, 1,−1, 1,−2, 2 3
10160 3





















A.2 Some thin knots
A lot of explicit examples with less than nine intersections can be found in [40] and [41].
Here we add the only 8-intersection knot 815 which was not present in those lists (it is
pretzel, but possesses also a simpler triple-finger realization),


































0 0 1 −4 10 −20 35 −54 76 −98 117 −130 135 −130 117 −98 76 −54 35 −20 10 −4 1 0 0
0 2 −8 26 −61 117−192 291−402 510−598 662 −685 662−598 510−402 291−192 117 −61 26 −8 2 0
3−11 37−85 163−275 430−609 795−975 1133−1228 1259−1228 1133−975 795−609 430−275 163−85 37−11 3
−5 16−45 87−159 256−382 516−672 808−919 992−1028 992−919 808−672 516−382 256−159 87−45 16−5
2 −8 15−28 50 −78 105−143 170−203 219 −239 234 −239 219−203 170−143 105 −78 50−28 15 −8 2
0 1 0 5 2 0 17 −17 56 −59 94 −87 123 −87 94 −59 56 −17 17 0 2 5 0 1 0
0 0 0 −1 −5 0 −13 10 −25 8 −42 19 −35 19 −42 8 −25 10 −13 0 −5 −1 0 0 0
0 0 0 0 0 0 3 6 2 4 −2 13 5 13 −2 4 2 6 3 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −3 −2 −2 2 −2 −2 −3 0 0 0 0 0 0 0 0 0





































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Moreover, two of these are torus knots, 819 = Torus[3, 4] and 10124 = Torus[3, 5], and
therefore arbitrary colored HOMFLY polynomials for them are available: provided by the
Rosso-Jones formula [13, 76].
A.3.2 4-parallel pretzel finger cases























A¯par1X (n1)A¯par1X (n2)A¯par1X (n3)A¯par1X (n4) (A.15)
These three cases are 3-strand (and thus already known)
819 = Torus[3, 4] = Pr(3, 3,−2¯) =⇒ H819 = (A.8) (A.16)
10124 = Torus[3, 5] = Pr(5, 3,−2¯) = Pr(2,−1, 5, 3) =⇒ H10124 = (A.10) (A.17)
and
10139 = Pr(4,−1, 3, 3) =⇒ H10139 = (A.3.1) (A.18)
A.3.3 Realizations from [43]























0 0 0 0 0 0 1 0 2 −1 2 0 2 −1 2 0 1 0 0 0 0 0 0
0 0 0 −1 −1 −2 −1 −2 −3 −3 −4 −2 −4 −3 −3 −2 −1 −2 −1 −1 0 0 0
0 1 1 1 3 2 6 2 8 4 9 4 9 4 8 2 6 2 3 1 1 1 0
−1 1 −5 3 −9 4 −15 5 −19 5 −21 5 −21 5 −19 5 −15 4 −9 3 −5 1 −1
1 −2 4 −3 9 −6 14 −7 20 −10 24 −10 24 −10 20 −7 14 −6 9 −3 4 −2 1
0 0 0 0 −1 0 −4 1 −8 4 −12 4 −12 4 −8 1 −4 0 −1 0 0 0 0
0 0 0 0 −1 1 −1 0 3 −1 5 −4 5 −1 3 0 −1 1 −1 0 0 0 0
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